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FINITE ELEMENT APPROXIMATION OF STEADY NAVIER-STOKES EQUATIONS WITH MIXED BOUNDARY CONDITIONS (*)
R
-norm of the velocities and the L 2 -norm of the pressure and an O(h) error estimatefor the L 2 -norm of the velocities. The suboptimality of the error estimâtes is due to the non-conformity of the method. However, this cannot be avoided as is shown by a Babuskatype paradox.

Résumé. -Nous considérons les équations de Navier-Stokes dans un domaine Cl
INTRODUCTION
The flow inside a volume Q c M 3 of fluid governed by an exterior force ƒ and surface tension is described by the Navier-Stokes équations [2, 3, 9] ). Here n dénotes the outward normal to Q, x k , k = 1,2, orthonormal vectors spanning the tangent plane and the stress tensor. The boundary F of the fluid is not known a priori. It is determined by the condition that its mean curvature is proportional to the normal stress component :
The existence, uniqueness and regularity of solutions to this problem are investigated in [2, 3] . As a first step towards error estimâtes for fînite element approximations of this problem, we consider problem (1.1) with boundary conditions (1.2) in a jïxed bounded domain fi c U 3 with three times continuously differentiable boundary F. In order to simplify the notation we assume in addition that fi is convex.
We consider a non-conforming mixed fmite element method. For sufficiently small data v~2 ƒ both the continuous and the discrete problem have unique solutions. We obtain 0(A -norm of the velocities. The suboptimality of the error estimâtes is due to the nonconformity. However, this cannot be avoided as is shown in the last section by a Babuska-type paradox.
FINITE ELEMENT DISCRETIZATION
Dénote by H\Q) 9 
The weak formulation of problem (1.1), (1.2) to which we will refer as Problem ( Jf) then is :
The corresponding linear problem without the non-linear term (N(w, w, iO will be refered to as Problem (y). Problem (S) always has a unique solution and the regularity estimate
vol. 19, n° 3, 1985 holds (cf. [2, 3, 9] ). If the data v" 2 || ƒ || 0 are sufficiently small, Problem (N) also has a unique solution and the regularity estimate (2.7) holds (cf [2, 3, 9] ).
Let Q h c fl be a family of polyhedrons satisfying the assumptions :
(A2) the length of all edges of Q h can be bounded from below and from above by ch and ~ch resp. with constants c_ ~c independent of h.
We divide each Q h into tetrahedrons with edges of length 0(h) such that the resulting family TS f t satisfies the usual regularity assumptions for fînite élé-ments (cf. [6] 
) which holds for v e H^O) 3 , p e H\Q) and u e H 2 (Çïf with div u = 0.
ERROR ESTIMATES FOR THE LINEAR PROBLEM
In this section we want to establish error estimâtes for the linear Problems (S) and (S h ). Recall that Y := dû., T h -.= ôQ h and that n and n h dénote the normal to Q and Q h , resp. LEMMA 3.1: There is an h 0 > 0 such that the boundary estimâtes hold for all 0 < h ^ h 0 .
Proof : Let S be a face of Q h and g be a vertex of S. Dénote by T e T^, the tetrahedron which has S as face and by n Q the normal to Q in Q. Since The trace theorem and a homogeneity argument therefore imply
JS J<p(S)
Recalling ( 
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Hence there is an h 0 > 0 and a constant a > 0 independent of h such that
The continuity of a h , b h , équations (3.4), (3.5) and standard results on mixed problems {cf. [5] Multiplying (3.9) with î^eX,,, integrating over Q h and using (2.10) yields
Hence, we have^,
where the right hand side is due to the non-conformity. To simplify the notation, put Here, x hk , k = 1, 2 are orthonormal vectors spanning the tangent space at F fc . Let S, A and |o (6) We omit the proof hère, since we give a detailed proof of the corresponding error estimate for the non-linear problem in the next section.
ERROR ESTIMATES FOR THE NON-LINEAR PROBLEM
The aim of this section is to prove : Proof : Using Sobolev's imbedding theorem one easily proves that the trilinear forms N and N h are continuous onl 3 and X£ resp. (cf. Lemma 2.1 in Chap. IV of [7] ). The norm of N h can be bounded independently of h for sufïiciently small values of h, A standard fixed point argument {cf. [8] and Chap. IV of [7] ) then yields the unique solvability of Problems (AT) and (N h ) for sufficiently small data v~2 || ƒ || 0 . (The arguments in the proof of (3.4) and Korn's first inequality [9] imply that (5.4) fits into the abstract framework of [5] .) Inserting u^ as test function in (5.4) and using Korn's first inequality we get with a constant c independent of h. Let S ls S 2 be two adjacent faces of with common vertex Q and dénote by n ls n 2 the normal to S x and S 2 The continuity of ^ and w^ = 0 on S ( , i = 1, 2, imply u^Q) -0.
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